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In this paper we study a system of stochastic differential equations with dissipative non- 
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1 Introduction 

Since the fundamental work of Hodgkin and Huxley [6j, several equations were 
proposed to model the behavior of the signal propagation in a neural cell. The 
original model was formed by a system of four equations, the first one modeling 
how the electric impulses propagate along a long tube (the axon) that we model as 
a (normalized) segment (0, 1), while the remaining were concerned with various ions 
concentrations in the cell. Later, a more analytically tractable model were proposed 
by FitzHugh 5j and Nagumo [l^ . In this paper we focus the interest on a stochastic 
version of the FitzHugh-Nagumo model. It consists of two variables, the first one, 
M, represents the voltage variable and the second one, w, is the recovery variable, 
associated with the concentration of potassium ions in the axon. For a thorough 
introduction to the biological motivations of this model we refer to Murray [8j or 
Keener and Sneyd [7]. 

Let us consider the equation 

dtu{t, = {c{Od^u{t, 0) - PiOHt, + fHt, 0) - w{t, 
dtw{t, = ~aw{t, + Mt, + dtf32{t, 0, 

t>0, ee[0,i], 



(1.1) 



where u represents the electrical potential and w is the recovery variable; a, 7, c(^) 
and p{^) are given phenomenological coefficients satisfying the conditions stated 
below; /3i,/?2 are independent Brownian motions; / is a nonrandom real- valued 
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function with suitable smoothness properties: in the reduced FitzHugh-Nagumo 
system / is a polynomial of odd degree, precisely f{u) ~ —u{u — l)(7i — ^i), where 
< ^1 < 1 represents the voltage threshold. Problem (jl.ip shall be endowed with 
boundary and initial conditions. The first one are necessary only for the potential 
u{t,^) and we assume they are of Neumann type: d(^u{t,Q) = (9^u(t, 1) = 0; the 
initial condition are given, for simplicity, by continuous functions 

"(0,0 = "0(0, ^^(O,0=«o(0 

with uo,wo e C([0, 1]). 

We shall introduce the main assumptions on the coefficients of problem (jl.ip that 
will be used without stating in the following. For this, it is necessary to introduce 
the operator Aq on the space i^(0, 1), defined on D{Aq) — {u & H^{0, 1) | d^u{() = 
0, C = 0,f} by 

AouiO = {ciOdMO) , e e [0, f], u e D{Ao). 

Hypothesis 1.1. The constants a and 7 are strictly positive real numbers; the 
functions c{^) and p{£) belong to C"'^([0, f]), c — minc(0 > and p = minp(0 > 0. 

Further, for from the definition of the FitzHugh-Nagumo nonlinearity, it holds 

3p-(C?-ei + l)>0. (1.2) 

There exists a complete orthonormal basis {ek} o/L^(0, 1) made of eigenvectors 
of Aq, such that the {ck} satisfy a uniform bound in the sup-norm, i.e., for some 
M >0 it holds 

|efc(e)|<M, Ce[0,l], fceN. (1.3) 

Let Pi, P2 be independent Wiener processes on a filtered probability space (fi, 3^, ?t, 
with continuous trajectories on [0,T] for any T > 0; this means that 

f3,eC{[0,T];L\n,L'{0,l))) 

with L(Pi{t, •)) = ^(0, t^/Qi) for suitable linear operators Qi, i — 1,2 on L^{0, 1). 

With no loss of generality we can assume that the operators Qi, i ~ 1,2 diago- 
nalize on the same basis {e/j}. Therefore, there exist sequences X\,, i = 1,2, fc G N, 
of positive real numbers such that 

Qiek = ^k^k, « = 1,2, k = 1,2, 

Furthermore, we assume that 

2 00 

i=i k=i 

hence TrQi < 00. 
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It is convenient to write (jl.ll) in an abstract form. To this end we set H = 
L2(0, 1) X L2(0, 1) endowed with the inner product 

((Ul, Wi), {u2,W2))h = 7 ("1,'"2)l2 + {wi,W2)l^ 

where (•,-)l2 is the usual scalar product in L^(0,1) and 7 is the constant from 
The corresponding norm is denoted by |-|^. We also introduce the space 
V = H^{0, 1) X L2(0, 1) with the norm 

= 7|a;i|^i + \x2\l2 . 

On the space H we introduce the following operators: 

A : D{A) dH ^ H, D{A) = D{Ao) x ^^(o, 1) 

Aou -w \ (1-4) 



\wJ Kiu —aw 



and 



F : D{F) i^(0, 1) x L^{0, 1) ^ H 

u{u - ii){u ~ l)\ (1-5) 



F 







In the following, setting X — (^), we rewrite equation (|l.ip as 



dX{t) = iAX{t) + F{X{t))) dt + dW{t) 
X{0) = xe H 



(1.6) 



where W{t) = {wi{t),W2{t)) is a cylindrical Wiener process on H and Q is the 
operator matrix 

'Qi 
Q2. 



Q 



Our first result is an existence and uniqueness theorem for the solution of equa- 
tion pre]) . 

Theorem 1.1. Let x S D{F) (resp. x £ H). Then, under the assumptions in 
Hypothesis there exists a unique mild (resp. generalized) solution 

X e Ll^in; C([0, T];H)) n L^(17; ^^([o, T];V)) 

to equation (jl.6p which depends continuously on the initial condition. 

The proof will be given in Section [31 Starting from this result, we can introduce 
the transition semigroup P* : Cb{H) Cb{H) associated to the flow X{t,-) defined 
in equation p.6p . that is 

Pt(t){x) ^E(l){X{t,x)), (/} e Cb{H),t>0,x e H. (1.7) 

In Theorem 14.11 we shall prove the existence of an invariant measure for P^. After 
that, we shall prove that the associated Kolmogorov operator A'o is dissipative in 
the space LP{H; fi) and that its closure is m-dissipative. 
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2 Preliminary results 

Before we proceed with the analysis of the abstract stochastic equation p.6p it is 
necessary to study the properties of the operators A and F. 
Lemma 2.1. Set rj ~ — Ci + 1)/ ^^en 



f{u) - rju 



•.wJ \ 

is m-dissipative, that is, it is dissipative and I — F^i maps D(F) onto H, i.e., 
Rg(/ - F,) = H. 

Proof. Let X ^ (l), y = (l) e H. By definition, 

{F{x) - F{y) - f]{x -y),x- y)H 

= 7 (/(") - /(«) - »7(w -v),u-v)^2 < 1 ^sup /'(r) - \u - v\\2 ■ 

We note that sup f'{r) = — ^i + l); thus the last term in the previous inequality 

vanishes and Frj is dissipative. 

Let us show that I — F^ is surjective. In fact, observe that its first component 
—f{u) + (?7 + l)u a polynomial of degree 3 with positive derivative. Hence it is 
invertible. Its second component is the identity and, obviously, invertible. This 
concludes the proof. □ 

Remark 2.1. We denote f^i the first component of F^. Setting = (1 + ^i)/3, 
fn{u) — f{u) — rju can he rewritten as 

f,iu) = -iu-^of~eo- 

Let us introduce the notation A^i = A + ^ ^ ^ and F^i as above; then we may 
rewrite equation l|1.6p as 



dX{t) = {A,Xit)+F^iXit)))dt+^QdW{t) 
XiO) =xeH 

Lemma 2.2. A^j is m-dissipative and in particular, there exist loi,lo2 > such that 

{Ar,x,x) <-uji\x\h (2.2) 

{Ar,x,x) <-UJ2\\x\\l. (2.3) 

Proof. First of all, we observe that the operator Aq satisfies the inequality: 

{d^{cd^u),u)L2 < 0. 
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In fact, with c = min[o_i] c(^), we have: 



f' c{0{dMOfdC<^c\Du\l.<0. 
Jo 



Now set p — minp(^) > and ui — min{p — ?7,Q;}. For x — (") we have 

{Ax,x) < 7(5^(c9^u),u)i2 - 7(p- 77) \u\l2 - j{u,v) +-f{u,v) - a\v\l2 

< -7(p - Tj)\u\l2 - a\v\l2 < ~uji \x\]j . 



This proves 

As (|2.3I) is concerned, we have 



{Ax, x) < -C7 \Du\l2 - lip - v) \u\l2 - a \v\l2 < -^2(7 + = -^2 \\x\\y 

for UJ2 = min {c, p — 77, a}. 

Now let us show the m-dissipativity.We need to prove that / — is surjective. 
Fix xo = (uo,vo) € H and let we consider the following equation 

{u — AqU + V = Uq 
V ~ ju + av — vq. 

Note that the second equality can be rewritten as 

V = -^vo + —^u; (2.4) 

I + a 1 + a 

then, substituting v with the right member of (j2.4p we obtain 



l--r^]l-Ao 

1 + 7 



1 

u = uo- — — Wo- 

1 + a 



Using the m-dissipativity of Aq and (see for instance [111) we obtain that previous 
equation admits a solution u e L^{Q, 1). We can then compute v by means of (|2.4p . 
It follows that for every xq there exists x — {u, v) such that (/ — Ajj)x — xq, that is 
A,-/ is TO-dissipative. □ 

From the above result it follows that Arj is the infinitesimal generator of a Cq 
semigroup of contractions. Further, the following holds. 

Proposition 2.3. Ajj generates an analytic Co-semigroup of contractions e*'^'' on 
H and it is of negative type. 

Proof. Note that Aq and —al generate analytic semigroups on L^(0, 1) while 7/ 
is a bounded linear operator on the same space. Thus, the proof easily follows by 
applying the results in [51 Section 4]. Moreover, the dissipativity condition (|1.2p 
implies that ||e*^''|| < e""^*, that is, is of negative type. □ 
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For the moment, we notice that from the above lemmata we obtain the dissipa- 
tivity of the sum + F^i . 

Lemma 2.4. Recall assumption il.2\) . that we can write as 

p~ri>0 (2.5) 
where p — min |p(0| • Then A„ + F„ = A + F is dissipative. 

[0,1) 

Proof. Observe that 

({A + F)x, x) = {{A^ + Fr,)x, x)h< ~ip\u\h " "bli^ + IvWW^ 

< ~mm{p-T],a}\x\%; 

thus the dissipativity condition is satisfied if p > ?]. □ 

Setting uj — min {p — 77, a}, the statement of Lemma 12.41 can be rewritten as 

{{A + F)x,x)„ < ~uj\x\%. 

2.1 An approximating problem 

In this section we show an existence and uniqueness resuh for a family of approxi- 
mating problems of system ()2.ip with a Lipschitz continuous nonlinearity. Consider, 
for any e > 0, the following approximation of F^, i^r;,e, given as 



F 



"'^^"1 )' i + ,(i-eo(«-Co) + (u-eo)2)- 

It is easily seen that .F^.g is Lipschitz continuous and 

\Fr,A^) - F^{x)\„ ^0, X e L%0, 1) X L^O, 1) 
when e — > 0. Moreover it easy to see that 

\F^{x)\^<C{l + \x\%), x&D{F), (2.6) 



for suitable C > 0. 

Hence, for e > 0, we are concerned with the family of equations 



dX{t) = {A^X{t) + F,,AX{t))) dt + dW{t) 
X(0) = a; e 



(2.7) 



which can be seen as an approximating problem of (|1.6p . 

There exists a well established theory on stochastic evolution equations in Hilbert 
spaces, see Da Prato and Zabcyck [2], that we shall apply in order to show that for 
any e > Equation (|2.7p admits a unique solution Xe{t). Let us recall from Propo- 
sition 12.31 that Ay-f is the infinitesimal generator of a strongly continuous semigroup 
e*'^'', i > 0, on iJ; we also claim that the following inequality hold: 

/ Trie'-^-'Qe'^^Jds < 00, Vt > 0. (2.8) 
-'0 



Analysis of the stochastic FitzHugh- Nagumo system 



7 



(see below). If these properties are satisfied, then the so-caUed stochastic convolu- 
tion process 



is a well-defined mean square continuous, S^j-adapted Gaussian process (see [2j The- 
orem 5.2]) and we can give the following 

Definition 2.5. Given a S't-adapted cylindrical Wiener process on probability space 
(ri, J, {?t} , P) a process X{t), t > 0, is a mild solution of (|2.7p if it satisfies F-a.s. 
the following integral equation 

X{t)=e*^'^x+ f e(*-")^''F^,,(X(s))ds+ / e^*-^)^" dl¥(t). (2.9) 



Let us check that in our assumptions, condition (|2.8p holds. 
Proposition 2.6. A,i and Q satisfy the following inequality: 



sup / Tr[e'*^"Qe"^^]ds < oo. 
t>o Jo 



Proof. Recall that if S, T are linear operators defined on an Hilbert space H such 
that S G ^{H) and T is of trace class, then 

Tr{ST) = TviTS) < Tr(r). (2.10) 

Taking into account the self-adjointness of and the above remark we obtain 

Tr[e*'^"Qe*^^] < Tr(Q) He*-^" ||' < Tr(Q)e~2^*, 

hence 

/•oo /'OO 

/ Tr[e"^''Qe"'^'']ds < / Tr{Q) e'^'^' ds < oo. 
Jo Jo 

□ 

Proposition 2.7. The stochastic convolution is P-almost surely continuous on 
[0,oo) and it verifies the following estimate 

Esnp\WA,it)\^^ <C (2.11) 
t>o 

for some positive constant C . 

Proof. Note that for any a € (0, 1) it holds 



/•oo 

/ s-^Trle'^^^Qe'-^^ds <oo. 
Jo 



In fact, 



/>00 /"CO 

J s~"Tr[e"'^''Qe"^^]ds < Tr(g)y Ih"^" [[^(h) 

<Tr(Q) / 
Jq 



s-^e-^'^'^ds < oo. 



Now the thesis follows by ([31 Theorem 5.2.6]. □ 
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Definition 2.8. Let Lyy(fl; C([0, T]; H)) denote the Banach space of all 3^ t-fneasurahle, 
pathwise continuous processes, taking values in H , endowed with the norm 



1/2 

I^IIl2„(O;C([0,T];H)) sup 



te[o,T] 

while L^(r2; Lp'{[0, T]; V")) denotes the Banach space of all mappings X : [Q^T] V 
such that X{t) is S^t-^easurable, endowed with the norm 

\\X\\LUn;Lmo,T]-y)) = 11^ Wily • 

With the above notation, Proposition[2J]implies that WAit) G C([0, T];H)) 

for arbitrary T > 0. Also, from Propositions 12.31 and 12.61 it foUows that for e > 
the approximating problems admit a unique solution. 

Proposition 2.9. Let x £ H. Then, for any e > there exist a unique mild 
solution Xs(t,x) to equation (12. 7p such that 

X, e L^y^{n;C{[0,T];H))n Lly{n;L^[0,T];V)). 

Proof. From [51 Theorem 7.4] we have that for any x E H problem (|2.7p has a 
unique mild solution Xg{t,x) such that 

E sup \X,it,x)fH <C{l + \xf), p>2, 
te[o,T] 

which further admits a continuous modification; this proves that X^ G L^(r2; C([0, T]; H)). 
Now, we apply Ito's formula to the function 4>{x) = \x\^ (although this is only for- 
mal, the following computations can be justified via a truncation argument) and we 
find that 

\X,(t,x)\^ ^Ixl"" + 2 f {A^X,{s,x) + F^,,{X{s,x)),X,{s,x)) ds 



2^ (x,(s,x),yQdl^(s)) +Tr(Q)t, (2.12) 



where ^ 

/ {X,{s,x),^dWis)) 
Jo 

is a square integrable martingale such that, by [2[ Theorems 3.14 and 4.12], 



E sup 

te[o,T] 







Xeis,x),^QdWis) 



<3Tr(Q)E^ \X,is,x)\l d.^ 



Moreover we have 







{A^X,{s,x),X{s,x))ds < ^LU2 / \\X,{s,x)rvds 
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and 



{F^,,{X,{s.x)),X^{s,x))ds < 0. 





Hence, taking the expectation of both members in (|2.12p we obtain 

E sup \X{t,x)\^+L02^ / \\X,{s,x)\\\ As <\x\^+{Q+r^) / E sup \X^,{s,x)\\ dt. 

tG[0,T] Jo Jo sG[0,t] 

By Gronwall's lemma this yields 

E sup |Xe(t,a;)|^+tJ2E / \\X,{s,x)\\l As < C{\x\' + I). (2.13) 

tG[0,T] Jo 

We conclude that X^ G L^{n]L^{[Q,T];V)). □ 
3 Existence and uniqueness result 

Here we make use of the results given in the last section to show that problem (|2.ip 
admits a unique solution. Our main result can be stated as follows. 
Theorem 3.1. For every x G F>{F) (resp. x Cz H), there exists a unique mild (resp. 
generalized) solution X G L^ifl; cl[0,T]; H)) (1 L^{n; L^{[0,T];V)) to equation 
()1.6p which satisfies 

E\X{t,x)~X{t,x)\% <C\x-x\%. (3.1) 
Proof. As shown in the proof of Proposition l2.91 {X^}^^^^ satisfies 

E sup \Xe{t,x)\%+ujiE [ \\Xe{s,x)\\y As <C{\x\^ + 1), t>0. 
te[a,T] Jo 

therefore it is bounded in L^{Q; C{[0,T]; H)) n Lly{n; L'^{[0,T];V)). 
We are going to show the following estimates 

T 

\f^,,{Xe{t,x))\l At<C, (3.2) 



E sup \X,{t,x)~Xx{t,x)\l<C{X + e), (3.3) 
te[o,T] 

where we use the same symbol C to denote several positive constants independent 
of e. Using the above results, we conclude that {X^}^ is a Cauchy sequence on 

L^{n; C([0, T];H)) L^{n; L^{[0, T];V)) 

and, consequently, it converges uniformly on [0, T] to a process X{t,x). 

Step 1. We begin with the continuous dependence on the initial condition. Let 
us consider the difference X^{t, x) — X^{t, x), for x,x £ H. 
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Note that 

dX^{t,x) - dX^(t,x) 

= An [X,{t,x) - X,{t,x)] dt + [Fn^,{X,{t.x)) ~ Fr,^,{X,{t.x))\ dt 

hence 

\X,{t,x) - X,(t,x)\\ 

= |x-x|' + 2 / (A^(X,(s,a;)-Xe(s,i)),Xe(s,x)-Xe(s,a;)) ds 
Jo 

+ 2 / {Fn,,{X,{s,x)) - Fn,,{X,{s,x)),X,{s,x) - X,{s,x)) ds 

and therefore 

E\X,{t,x) ~ X,{t,x)\l <E\x ~ x\l ^ 2uj f E\X,{s,x)-X,{s,x)\lds. 

Jo 

Applying Gronwall's lemma we obtain 

E \X,{t, x) - X,{t, x)\l < \x - x\l . (3.4) 



The continuity condition (|3.ip easily implies uniqueness of the mild solution on 
D{F) and of the generalized solution on H . Consequently, it only remains to prove 
existence. 

Step 2. Next, let us consider estimate \'i.2\ . We shall apply Ito's formula to the 
function ^ 

4>{x) = [ g,{u{0) de, X = {u{0,v{0) G H, 
Jo 

where ^ 

ffe(r) / /r,,e(s)ds, reR+, e>0. 
Jo 

It is not difficult to show that, for any x € F>{F), 

I?<^(x) = (- Y"^) and i^^0(x) = (--^^("^ « 
thus 

{A^X, + Fr,AXe),Dc^{X,)) = -7 (94(c(-)5eC/e), ]rue{Ue)) 

+ 7 ((MO - ^)Ue. fnAUe)) + 1 {VeJ^AUe)) " 7 \fvAUe)\' ■ 

We claim that 



(-1 + 2 (7. -eo)) (-{u - iof - io"") 

f^^^{u) = -e ^ /- 

(l + e (l-w+(w-eo)'+^o)) 



(3.5) 



l + e (l-u+{u- Co)' + ^o] 
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is always negative; then it follows that 

"1 1 /■! 



Ja Jo 

and, for any a > 

{v,U,iu)) <a\vf + ^\f,,,,{u)\\ 
From the above inequalities it follows that for a sufficiently large 

{A^X, + F^,,{X,),D<f>{X,)) 

< 7^ + Ml^aoA])) \Ue\^ + 1^ IKI' + 7(^-1) (3.6) 

for suitable constants C^K. Further, 

k=i k=i -^0 

Now we observe that 

|-3(«-eo)'-e(-eo + 2(7.-Co))(-(w-Co)'-ei?)| .,2 



1 + £ - Coe(u - ^o) + £[u - ^0)^ 



<4 M-£or + e 



so that for e sufficiently small, taking into account p.Sp and the uniform bound 
condition on the Cfc stated in assumption (|1.3p . we have 



<c(KO-^o|'+e) <c(K0|' + i), 

therefore 

E / |Tr {QD^<i>{X,{s))\ \ ds <E ds { ^ A, \fiAUe{sm)em\ 

< C(^l+E^ ds) . (3.7) 

Estimates ((3^ and ((3J)) yield 



S0(X,(t,x))+E / |/,,e(X,(s,a;))|' ds 



< 0(x) + C ( 1 + E / |X^(s,a;)|^ds I < C, 
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and therefore 



E \f^^,iX,{t,x)f dt<C, 
Jo 



so that inequaUty p.2p is proved. 

Step 3. We proceed to estimate (I3.3p . We observe that 

d{X^{t,x)-XS.x)) = [A^(XA(i,a;)-X,(i,a;))+F^,A(XA(i,.x))-F^,,(X,(s,a;))] dt. 

Hence, using Ito's formula as before we get 

Esup|XA(t,a;)-X,(t,a;)p 

[0,T] 

/ {A,-i{Xx{s,x) ^ X,{s,x)),Xx{s,x) - X,{s,x)) ds 
Jo 

+ E [ {F^,x{Xxis,x) - F„,,{X,{s,x)),Xx{s,x) ~ X,{s,x)) ds 
Jo 

l-T 

<~UJ2E \\Xx(s,x) - X^{s,x)f ds 



Now set 
he{u) 



+ E / {f^^x{Ux{s,x)) ~ f„,,{U,{s,x)),Ux{s,x) -U,{s,x)) ds. 
) 



l + e- e^oiu - Co) + e{u - ^0)^ 1 + e(l - Co{u - Co) + {u - Co)^) 

-jn-Co)' 

l + eil-Coiu-Co) + {u-Co)^y 

We note that, for any u, v, 

{hx{u) - h,(v)){u -v)< {hx{u) - h,(v)){{u + hl^'in)) - {v + h^^v))). (3.8) 
In fact, 

ihxiu) ~ Kiv)){u ~v)~ (hxiu) - K{v))iiu + h'/\u)) ~{v + hl'^iv))) 

= -{h'/\u) - hl'\v)f{hT{u) + hl'\u)h'^\u) + hl^\u)) < 0. 



Moreover one can compute 



Co + K/Hu) <e\K{u)\, 



therefore 



ih,{u) - hxiv)){u ^v)< i\h,iu)\ + \hx{v)\) [e \Kiu)\ + A \hx{v)\) 
<CXs + X)i\Kiu)\' + \hx{v)\'). 



(3.9) 
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Furthermore, we observe that 



1 

l + e-eeo(w-Co) + £(w-6)2 ' 1 + e - e^oiv - ^o) + e{v - ^of 



.3 -g("-^o)'+M^-^o)' _ „^ 

^" (1 + e - - Co) + - ^o?){l + e - e^^ - Co) + s{v - ^o?) ^ ' 



< eoie + A) \\u -v\ + \u-ior + \v- Cor + 1" - Cor + \v- eorj (3.10) 

Combining (|3.9p and (|3.10p we get 

C(£+A) + |/»aM|' + |m - «| + |u - Col' + b - eol' + 1^^ - eol' + \V - eol') 

and, consequently, 

Esnp\Xx{t,x)-X,{t,x)f 

[O.T] 

< E / / (/,,a(Xa) - UAXMXx - Xx) d^dt < C{e + A) 



Jo JO 

We conclude that there exists the limit X — Yiia X^ in L^(il; C([0, T]; i?)) and, 

by (11331), also that X e L'^{VL] L'^{[Q,T];V)). Moreover, estimate (03) implies 
inequality p.ip . □ 

We conclude the section with another estimate which turns out to be useful 
when we will deal with the asymptotic behaviour of the solution. 
Lemma 3.2. The following estimate holds 

E \X(t, < C„, (l + e"™'"!* , x€H,t>Q. 

Proof. Let Y{t) = X{t,x) - WA„{t). Then 

^r(t) = A,Y{t) + F,{Y{t) + WaM' ^(0) = ^- 

Observe that 



< 



-L0^ \Yit)f"^ + (F.iWAM^Yit)) 



<-Lo, + \F,iWAM\\Yitf"''' 



Hence we conclude that 

lYitf"^ < -ci |y(or" + c \F,iWAM\ 
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for some C > 0. By Gronwall's lemma it follows that 

Jo 

so that for some C > (possibly different from the above): 

\X{t,x)\'"' 

< C (^e'^-^i* l"^!'" + / e-'"-i(*--) \f^{Wa,{s))\''"" ds + WT") • (3.11) 
Now recall that has polynomial growth (see (|2.6p ): in particular we have that 

\F,iWAMr <c{i+ iT^A„(i)r)'" < c(i+ |i^^,(i)r'"). 

Moreover, by ((2ll|) . supE IVFAjt)!^" < C„i, then 

i>0 

|F^(M^^„(t))|'" ds < C J\-"'^''^'-'^ (l + lWA^f"") 

< c / e"""i(*-^) (1 + c^j ds < c;„. 

Jo 

Using the last estimate in p. lip we conclude the proof. 

□ 

4 Asymptotic behaviour of solutions 

Let Pt : Cb[H) — + Cb{H) be the transition semigroup associated to the flow X{t, ■) 
defined in equation (|1.6p . that is 

Pt(l){x) ^¥.(j){X{t,x)), (j) e Cb{H),t>0,x e H. (4.1) 

We are ready to prove the main result of the paper. 

Theorem 4.1. Under hypothesis \1.1\ there exists a unique invariant measure fj, for 
Pt- 

Proof. To discuss the existence of the invariant measure, it will be convenient to 
consider equation (|1.6p on the whole real line. Therefore we extend the process W{t) 
for t < by choosing a process W{t) with the same law as W{t) but independent 
of it and setting 

W{t)=W{-t), t<0. 
Now, for any A > 0, denote by X\{t,x), t > —A, the unique solution of 

dX = [Ar,X + FrjiX)] dt + y/QdW{t) 

X{-X) ^xeH. 



Analysis of the stochastic FitzHugh- Nagumo system 



15 



Then X\ satisfies the following integral equation: 

Xx{t,x)=x+ f A^Xx{s,x)+F{Xx{s,x))ds+ f ^dW{s) 
J-x J-\ 

We note that 

X{\,x)=x+ A^Xx{s,x)+F{Xx{s,x))ds+ ^dW{s) 



= x+ / A„Xxis,x)+F{Xx{s,x))ds+ / ^QdWis) 
J-x J-x 

= Xx{0,x). 

Thus, the theorem will be proved once we establish that 

lim Ji{Xx{0,x)) = ^ 

A— >oo 

weakly, for some fi E M^{H) and all x E H. As in [2, Theorem 11.21] we will not 
prove only this, but we will show that there exists a random variable Y £ P) 
such that 

\imE\Xx{t,x)-Y\^ = 0, xeH, (4.2) 

A — *oo 

and the law of Y is the required stationary distribution. 

We first prove that ((O)) is true when x ^ 0. We put Xxit,0) = Xx{t). Pro- 
ceeding as in Theorem 13 . 1 1 we obtain 

r* 

'-A 



E I^aWI^ < -2tjE j \Xx{s)\\ + 2Tr[Q]t 



Using Gronwall's lemma, we have 

EI^aWP < (2Tr[Q](t + A) + |2;|^)e"2'^(*+^) < C, VA > 0, G [-A, c5o]. (4.3) 
We can now prove (|4.2p . Let 7 < A; then 

Xx{t,{))^X^{t,Xx{-lM, i>-7 
and, proceeding as in Theorem 13.11 we obtain an estimate similar to that in (|3.4p 

¥.\Xx{t,Q) - X^it.Qf =nX^{t,Xx{~lM ~ X^itM^ 

< e-'^i^'+^^E \Xx{--/)\h < Ce-"i(*+''^ (4.4) 

Estimates (|4.3p and (14. 4p imply that {Xa(0)};^>q is a bounded Cauchy sequence in 

L^^{^l; H). Then there exists a random variable Y such that E |Xa(0) — 0, 
as A ^ 00. Proceeding similarly we show that 

lim E|XA(0,a;) -Xa(0)|^ = 0, Vx G iJ. 

A— >oo 

This ends the proof. □ 
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Lemma 4.2. For any 4> € Cb{H) and x ^ H there exists the limit 

lim Ptcf) = / (t>iy)fJ,{dy). 



t — >oo 



H 



Proof. Set Y = lim X{0,-s,x) e L\VL:H), which exists in virtue of Theorem 

s— * — oo 

OJ Then 

Pt(l){x) = E [(j){X{t, 0, x))\ = E [0(X(O, -t, x))] . 
By the dominated convergence theorem it follows that 

hm Pt^{x)=E [<!>{¥)] = / cl,{y)fi{dy). 

□ 

5 The infinitesimal generator of Pt 

Lemma 5.1. For any p > I Pt has a unique extension to a strongly continuous 
semigroup of contraction in LP{H,ii) which we still denote by Pt- 

Proof. Let (j) E Cb{H) and /if be the law of X{t,x). By Holder inequality we have 
that 

\Pt(p{xr < Pt\mr ■ 

Integrating this identity with respect to /x over H and taking into account the 
invariance of /i, we obtain 

\Pt(p{xr ii{dx) < [ Pticj^fixUdx)^ [ mxr f,{dx). 

H JH JH 

Since Ch{H) is dense in LP{H,ii), Pt can be uniquely extended to a contraction 
semigroup in LP{H,ii). The strong continuity of Pt follows from the dominated 
convergence theorem. □ 

Taking into account the Hille-Yosida's theorem, from the previous lemma we 
deduce that the infinitesimal generator of Pt on LP{H,ii) (which we denote by N) 
is closed, densely defined and it satisfies 

\\R{\A)\ < 1. 

We want to show that N is the closure of the differential operator A'o defined by 

^00 = ^TT[QD^cj){x)] + {x,ADcp{x)) + {F{x), Dcp{x)) 

on tA{H) = linear span{<?!) = e<"^'''> | h e D{A)}. 
We recall that the operator 

L(j> = ^TT[QD^(j){x)] + {x, ADq){x)) 
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is the Ornstein-Uhlenbeck operator and it verifies 

\L4>{x)\ <a + b\x\, xeH. (5.1) 

(see [H Section 2.6]). 

Then, in order to show that A^o is well-defined as an operator with values in 
LP{H,^) we need that F{x) e LP{H,^). This is provided by the following result. 
Lemma 5.2. Under Hypothesis \ 1. 1\ there exists c,„ depending only on A,, and 
such that 

(5.2) 



/ /i(dx) < c„ 

JH 



Proof. Denote by nt.x the law of X{t, x). Then by lemma 13721 we have that for any 

(3>0 



I 1 2m 



Hl + f3\yr' Jh 

= E\X{t,x)f"' < C„(l + e-™"i*|a;|'"), x e H. 

Consequently, letting < — > cx) we find, taking into account Lemma [ 



Hl + Plyf"" t^'^JHl + Ply 

< lim C„,(l + e-'""i*|a:|'"^), 

t— »oo 

which yields ((O)) . □ 

Applying formula (|2.6p we immediately obtain the following 
Corollary 5.3. We have 



H 



|F,,(a;)|'" ^i{dx) < oo. (5.3) 



The corollary implies that iVo0 G LP{H,fi) for all (j) G £a{H) as required. We 
can now show that NqcI) — N4> for all (j) £ Ea{H). 
Lemma 5.4. For any e £a{H) we have 



E[^{X{t,x))]=(l>ix)+E 



No(l){X{s,x))ds 



Moreover (j) e D{N) and iVo0 = N(f>. 



, t>0,x&H. (5.4) 



Proof. Equality (|5.4p follows easily by applying Ito's formula. It remains to prove 
that E-a{H) C D{N) and Nacj) = Ncj). Since it holds that 

lim i (Pt</)(a:) ~ 0(x)) = iVo</'(a;) 

h — >oo fl 
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pointwise, it is enough to show that 

^(P„0 -(/.), he {0,1], 

is equiboundcd in LP{H,fi). 

We note that, in view of (|5.ip and (|5.4p . for any x G H we have 

\Ph(j){x) - (j){x)\ < f E[a + b\X{s,x)\ + \(j)\^\F{X{s,x))\]ds. 
Jo 

By Holder's inequahty we find that 

\PhH^) - cb{x)\P < hP-^ / E [a + 6 \X{s, x)\ + x))\Y As 



<CphP-^ E[a + b\X{s,x)\]P ds + CphP\(j>\P E\F{X{s,x))\p ds 
Jo Jo 

^CphP'' r P4a + b\-\Y ds + Cp/iP-i |0lo Ps\F{-)f ds. 
Jo Jo 

fntegrating with respect to fi over H and taking into account the invariance of ^, 
the above formula yields 



J H 

thanks to Corollary [531 Consequently l/h{Ph(f)~ (p) is equiboundcd in LP{H,ij) as 
claimed. □ 



Theorem 5.5. Assume that Hypothesis holds. Then N is the closure of Nq in 
LP{H,ti). 

Proof. By Lemma [5^ N extends A^o- Since N is dissipative (it is the infinitesimal 
generator of a Co contraction semigroup), so it is Nq. Consequently A^o is closable. 
Let us denote by Nq its closure. We have to show that iVo = N. 

Let A > and / G EAr,{H)- Consider the approximating equation 

A</)e - Lcb, - Dep.) - /, e > (5.5) 

By m Theorem 3.21] we have that Equation (|5.5p has a unique solution (p^ e Cl{H) 
given by 

0e(x) = E / e-^*/(Xe(t, x)) dt, Vx e H. 
Jo 

Moreover, for all € iJ we have 

/•oo 

{D(p,{x),h)^ / e->''E[{Df{XS,x)),DX,{t.x)[h])]dt. 
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and by [4j Proposition 11.2.13] we have 

pX,(i,a;)||^(^)<e"*; 

consequently we obtain 

\DU^)\^<-^\\Df\\,. 
Arguing as in [4, Theorem 11.2.14] we can write (|5.5p as 

A0e-^O0e-/+(^;,,e-J^,£'0e)- 

We claim that 

lim {Fr,.e - D4)^) = in ^). 

In fact, we have 

\{F,^,{x)-F{x),D<t>,)\^ ^Ji{dx)<-^\\Df\\l [ \F,A^)~F{xr f,{dx). 

IH Jh 

Clearly, 

lim - 0, - a.e. 

Moreover 

\F^^,{x)-F{x)\^ <2\F{x)W xeH. 
Therefore, the claim follows from the dominated convergence theorem, since 



\F{x)f ti{dx) < oo 



H 



in virtue of Corollary 15.31 In conclusion we have proved that the closure of the 
range of A — iVo includes £a{H) which is dense in in LP(i7, /i). Now the theorem 
follows from Lumcr-Phillips theorem. □ 
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